A variational method for calculating excited bending states of symmetric tetrahedral pentaatomic molecules is presented based on the use of Radau coordinates and Jacobi polynomials as the basis functions. Symmetry is used both to reduce the size of secular matrix to be diagonalized and to calculate potential energy matrix elements over a reduced grid of quadrature points. Methods of treating the redundant coordinate are investigated and ®tting is found to be more e ective than the use of Taylor expansions. Test results are presented for methane, for which stretch±bend coupling and the contribution due to the redundant coordinate are found to be signi®cant. Converged results are obtained for bending states signi®cantly higher than considered in previous calculations. These states will be used as a basis for bending motions in a fully coupled stretch±bend calculation.
Introduction
The vibration±rotation spectroscopy of tetrahedral XY 4 molecules is of considerable interest but is di cult to treat theoretically in regimes where the assumption of small amplitude vibrational motion is not reliable. We are interested in developing a systematic procedure for studying these systems using internal coordinates and variational procedures that have proved very successful for highly excited states of smaller molecules [1] . However, the nine degrees of vibrational freedom mean that complete variational calculations on ®ve-atom systems present a considerable computational challenge.
In the ®rst paper [2] in this series we presented a formalism for treating the stretching motions in XY 4 molecules and applied it to a number of hydrides. In the present paper we address the problem of the bending motions in such systems. The approximate separation of low frequency bends from high frequency stretches in molecules such as hydrocarbons has long been considered [3] . Our main reason for performing this separation is not so much to get results for the bend-only problem but to use the solutions of this problem to tackle the full stretch±bend problem.
The bend-only problem presents more of a challenge than the stretch-only one for a number of reasons. Most obviously there are ®ve bending degrees of freedom rather than the four stretching modes. Furthermore, the bending modes are coupled in ways that make them unsuitable for treatment using discrete variable representation (DVR) methods [5] which have proved highly successful in other circumstances [4] . Bending excitations generally lie at considerably lower energies than the stretches with the same number of quanta, meaning that for a given total vibrational energy in the molecule many more bending states have to be considered. Finally there is a well known problem with the redundant coordinate [6±10] , which makes the use of symmetrized coordinates in the bending problem technically much more di cult than in the stretching case.
Theory

The Hamiltonian
As detailed in [2] , the Hamiltonian for the vibrational motions of an XY 4 system in Radau coordinates can be written conveniently as 
Here · is the mass of atom Y, r i is the Radau radial vector, and ¬ i j is the angle between the vectors r i and r j . In practice it is more convenient to transform the angular kinetic energy operator to a representation in cosines of the angles using ! i jˆc os ¬ i j . This gives
The bending kinetic energy operator (equation (3) or (4)) is de®ned in terms of six tetrahedral angles, ¬ i j . Only ®ve of these angles are linearly independent; this leads to the well known redundancy condition that must be obeyed by the Hamiltonian. Because equation (7) is a quartic equation, it actually has four solutions. However, inspection of these shows that only one solution is real, 
It should be noted that this solution does not correspond to the one given by MladenovicÂ [10] , which is complex for much of coordinate space apart from a region near the equilibrium con®guration. Our ®nal expression for s r is fairly complicated but can be evaluated readily numerically. These numerical evaluations will be used below to obtain an approximation formula to represent the redundancy coordinate through ®tting to an exact solution. Considering the redundancy, the expression for the bending kinetic energy operator can be obtained with Mathematica' using the chain rule as 
This expression for the bending kinetic energy operator is exact, but di cult to work with since the redundancy coordinate s r appears regularly. To evaluate matrix elements involving this coordinate without approximation would require performing many numerical quadratures each as expensive as the integral over the potential. As discussed below, we therefore chose to approximate the contribution of this term.
Symmetry and basis functions
For the bending problem, we evaluate the kinetic energy matrix elements for each of ®ve possible total symmetry types, denoted in standard point group notation A 1 , A 2 , E, F 1 , F 2 . For a symmetrized basis set it is necessary to consider basis functions that satisfy the rules of Hougen ([11], table 9). As in [2] symmetrized functions can be divided into di erent types. There are three cases for the¸2 mode and four for the¸4 mode. As the angular basis is a product of the basis in each mode this gives 12 di erent basis types. Table 1 illustrates the three cases for the¸2 vibrations. The cases are classi®ed by their value of the mode function of the quantum numbers mˆmod…a ¡ b; 3 †, where jabi means a and b are the number of quanta in modes s 2a and s 2b , respectively, and we take a 5 b. It is simpler to de®ne the four cases for the¸4 mode, for which jdef i de®nes a basis state d quanta in s 4x , e in s 4y and f in s 4z , and d 5 e 5 f .
Case A jdddi
Case B jdeei
Case C jddf i
Case D jedf i …18 †
The total angular wavefunction is a sum over symmetry products of the basis function in¸2 and¸4 [11] . For example, considering¸2 case I and¸4 case B, the total wavefunction with A 1 total symmetry is given in terms of the vector coupling coe cient of Halonen [7] as
…19 †
In this work we employ Jacobi polynomials to represent the angular motions.
where N i is a normalization constant, and ¬ and are variational parameters, which are determined for the system investigated . P 
The kinetic matrix elements
In the domain ‰¡1; 1Š of the Jacobi polynomial, the matrix elements of the angular kinetic operators can be computed exactly using quadrature. A complete matrix element expression for the kinetic operator with symmetrized basis functions can be constructed by computing the matrix elements of the three operators considered in turn below. In each case matrix elements can be computed exactly, to within the limits of rounding errors, using an appropriate Gauss±Jacobi quadrature scheme. 
Using the same quadratur e scheme, the matrix elements of x n …@=@x † can be obtained by With this form of V, the matrix elements are separable and can be computed by the Gaussian quadratur e in each dimension using standard Gauss±Jacobi quadrature based on P …¬; † M with M > max…¸;¸0 †. This method is simple and quick but necessarily approximate.
To obtain a complete expression for the matrix elements it is necessary to use multidimensional quadratures. The full matrix elements over an arbitrary angular potential energy function can be evaluated using 5-dimensional quadrature . Taking advantage of the symmetry of the basis but not the quadrature this gives an expression
where ¬ and ®¯°represent points in quadratur e of s 2 and s 4 , respectively, and ! ¬ ®¯°i s the corresponding product of weights. This approach is very demanding on both memory and CPU time. As in [2] , we therefore derived formulae for symmetrized quadrature that require only evaluation of the potential function at the reduced set of unique points given by M 2 5 ¬ 5 5 1 and M 4 5 ® 5¯5°5 1. This complicates the expression for the potential matrix elements as this symmetriation mixes di erent components (denoted G i below) for degenerate representations. The new expression is:
where h, the degree of degeneracy, is 1, 2, 3 for A, E and F representations, respectively. The new weight ! 0 ¬ ®¯°i s related to the standard weight ! ¬ ®¯°b y a factor W , that depends on the number of symmetry related occurrences of the given geometry (see table 2 ).
The new algorithm is not only more e cient in computer time, since it signi®cantly reduces the number of potential evaluations, but also it uses much less memory because fewer wavefunctions are stored in memory at the integration points. In practice the speed-up is a factor of between 3 and 12, depending on the details of the problem under investigation, and the overall memory requirement is reduced by a factor of more than 10. Table 2 . Weighting factor W for the possible combination of symmetrized angular grid points.
Besides taking the maximum advantage of symmetry in the computation, our program also provides a way of fully treating the redundancy problem for XY 4 systems. We have coded both methods of computing potential energy matrix elements. The more approximate, expansion based, method was used for most of our test calculations to save time, but the ®nal answers presented below are based on the evaluation of the complete angular potential of Schwenke and Partridge [14] . For testing purposes, we used an approximate Radau angular potential obtained as a ®tting from the global methane potential function given by Schwenke and Partridge [14] Redundancy Redundancies in angular coordinates can occur whenever an atom is bonded to more than three other atoms (or more than two in a plane). XY 4 molecules are prototype s for the redundancy problem that arises because only three independent vectors can be de®ned in ordinary 3 dimensional space, so that one bond vector may always be written as a linear combination of the other three.
For tetrahedral molecules the relation between the internal vectors can be written using the determinant equation (5 There are a number of di erent approximate approaches to treating the redundancy problem for XY 4 molecules. Halonen [7] expressed the six bond angles as a second-order power series expansion in the ®ve symmetrized coordinates. Raynes et al. [8] , derived an analytical approximation for s r using a Taylor expansion in terms of the symmetrized coordinate variables. These two approaches have so far been employed only for low lying vibrational states in XY 4 …32 †
Here A n are the coe cients of the expansion and f n are basis functions that must have A 1 symmetry. These expressions can be compared with those of Raynes et al. [8] , whose fourth-order Taylor expansion contained ten terms. Through fourth order our expression contains only ®ve terms, i.e. n 4 5 in equation (32), since the other lower order terms presented by Raynes et al. can be shown to make a zero contribution [16] . Table 3 gives numerical values for the coe cients obtained using Taylor expansions up to second, fourth and sixth order. We actually tested Taylor expansions through tenth order, but found little sign of convergence in this series or our results obtained using them. An alternative approach was therefore adopted and it was decided to ®t the coe cients A n to computed values of our redundancy coordinate at the points de®ned by our numerical integration procedure. Table 3 also gives coef®cients for our best ®t, de®ned as the one that reproduced s r with the smallest standard deviation ¼, for 1000 integration points located about the minimum of the potential. We tested a number of other ®ts but found our results to be fairly insensitive to the ®t employed, providing that it was reliable. It should be noted that the expansion coe cients given in table 3 are molecule inde-pendent: although we explicitly consider methane here they should be appropriate for other XY 4 tetrahedral molecules.
We have used the approximate expression of s r in our equation for the symmetrized Radau angular kinetic operator (13) , and tested the various approximations . Table 4 gives A 1 symmetry energy levels for methane computed using the approximate expansion coe cients for s r given in table 3. The results show that in all cases the e ect of the redundancy condition increases signi®-cantly with vibrational excitation. For states up to 6000 cm ¡1 above the ground state, the redundancy condition has a rather minor (¹ 0:1 cm ¡1 ) e ect on the band origins. For higher states this e ect can reach 30 cm ¡1 . Again the results obtained for the lower vibrational levels are fairly insensitive to the method of representing s r , but for higher levels signi®cant di erences (up to 10 cm ¡1 ) occur between di erent methods. In general the sixth-order Taylor expansion appears to overestimate the contribution of s r . We consider results obtained by ®tting s r to be the most reliable because this expansion reproduces s r much more accurately. Table 5 shows the convergence of our calculations with increasing basis set size for an A 1 symmetry calculation on methane. The energy levels of other symmetries show similar behaviour on the size of the highest Jacobi polynomial used in each 1-dimensional bending basis set N. The results were computed using the MˆN ‡ 3 rule [15] for numerical quadrature, (meaning that for Nˆ20 we used 23 quadrature points per coordinate), and using the ®tted expression for s r . Table 5 shows that N should be at least 20 to obtain converged results for the higher bending states. With Nˆ20, the dimension of the A 1 secular matrix is 2405. Comparing the Nˆ20 and Nˆ18 calculations shows that most energies below 15 500 cm ¡1 , the lowest 100 A 1 bending states, are converged to within 0.3 cm ¡1 . There are 4 exceptions to this, all of which are shown in table 5 (Iˆ66; 70; 72 and 74), whose energies are converged to only within 3 cm ¡1 . For the lowest 60 states, which lie up 10 000 cm ¡1 above the ground state, Nˆ18 
Basis set convergence
Results
Using a Jacobi polynomial basis set de®ned by Nˆ18 gives secular problems of dimension 1550, 1355, 2898, 4063 and 4235 for A 1 , A 2 , E, F 1 and F 2 symmetries, respectively. This basis is su cient to converge the results presented to within 0.3 cm ¡1 . These calculations used a fully coupled angular potential function, and as a result they took 1 week on one processor of a 250 MHz DEC alpha DS20 workstation. It should be noted that potential evaluations were performed only for the A 1 calculations and then reused for the other symmetries since they shared the same quadrature grid. The calculations were performed using the ab initio methane potential calculated by Schwenke and Partridge [14] . Table 6 considers only pure bending states whose experimental band origins are known; a full set of calculated bending vibrational band origins for methane, covering all 5 symmetries, has been placed in the journal archive.
Schwenke and Partridge's calculations [14] , also given in table 6, include full bend±stretch coupling. This is undoubtedly the major di erence between their results and ours. It can be seen that for methane, as already concluded from our stretch-only calculations presented in [2] , bend±stretch coupling produces signi®cant shifts in the vibrational band origins. The importance of these stretch±bend coupling e ects for methane means that little is to be gained from a direct comparison of our results with the experimental data. However, we note that our method is capable of getting converged results over the entire range of energies for which experimental data are available, which extends to over 25 000 cm ¡1 . This suggests that with the inclusion of stretch±bend coupling this procedure should be capable of addressing problems that cannot be tackled by other variational approaches.
Conclusion
We have developed a fully symmetrized, general variational method for treating the bend-only vibrational motions of XY 4 systems. Particularly important for computational e ciency is our procedure for computing matrix elements over the potential energy surface by considering only the unique points on the surface. Our method includes explicit consideration of the redundancy coordinates, albeit with some approximation. We ®nd that for methane including this redundancy condition accurately is essential for bending vibrational states lying 6000 cm ¡1 or more above the ground state. Test calculations performed on methane extend very considerably the range of bending states for which con- verged variational results have been obtained. A comparison of our results with previous low energy studies con®rms our previous conclusion [2] that stretch±bend coupling is strong in methane. The results reported here for the bending motions, and in part 1 [2] for the stretching motion represent the ®rst steps in our development of a general fully coupled, symmetrized, variational procedure for XY 4 systems appropriate for treating much higher levels of vibrational excitation than have been considered so far. We are presently working on a general computer program to use these stretching and bending results as a basis for fully coupled, 9-dimensional calculations.
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